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Question 1 [15 Marks]

1.1. Let ¥; <Y, < -+ < Y be the ordered statistics of 5 independently and identically

distributed continuous random variables X5, X5, ..., X5 with pdf f given by

_ [6x ford<xz<1
fx(x) = { 0, Otherwise

Then,

1.1.1. Show that the cumulative density function of X is Fy (x) = 2x3 [3]

1.1.2. Find the pdf of the minimum order statistics [3]

1.1.3. Find the pdf of the maximum order statistics [3]

1.1.4. Find the joint pdf of the 2" and 5™ order statistics [6]
; n! i j=i=1

Hint: froy, (v ;) = igmimmiog P 001 7 Fx () = Fe O] T2 -

BN GG
Question 2 [13 marks]

2.1 Let X;, X5, ..., X, be independently and identically distributed random variable with normal

distribution having E (X;) = p and Var(X;) = o2
Show, using the moment generating function, that Y = }}]*, X; has a normal distribution
with gy = nu and 6 = no?. [8]
a?t?
(Hint: If X~N(u,0?), then My, (t) = e"”T)
2.2 If X~yZ and Y~x2 such that X and Y are independent, what is the distribution of X + Y? [5]
Question 3 [8 marks]

3. Let X4,X,, ..., X, be arandom sample of observations from a Bernoulli distribution

Show that T = %:3 is an unbiased estimator of 82 where y = Y, x;. (Hint: E(y) = nf

and Var(y) =n6(1 - 0) (8]
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Question 4 [44 marks]

4.1 If X~T'(a, ) arandom sample of n observations X7, X5, ..., X, is selected from a population
X; for i = 1,2 ...,n posses a gamma probability density function with parameters a and 6.

Use the method of moment to estimate @ and 6. Hint: E(X) = a8, Var(X) = af? and

M0 = ()" 8]

1-6t
4.2 Let X1, X5, ..., X,, be a random variable from a Bernoulli distribution with pdf:

fX;p) =p*@Q-p)** X=0.1

4.2.1 Using the m.g.f of X, show that the mean and variance of X; are p and p(1 — p),
respectively (Hint: My, (t) = pe* + q) (6]
4.2.2 Find the maximum likelihood estimate of p. [6]
4.2.3 LetT, = )=, X;,show that T, is sufficient for p.
(Hint: f(T) = () p™(1 - p)" ™) [8]

4.2.4 Show that the X = %Z?ﬂ X; is a minimum variance unbiased estimator (MVUE)

of p.| Hint: CRB = —— : [16]
nE (55 log f(xp))

Question 5 [20 marks]

5.1 Suppose that the prior distribution of 8 follow a Gamma distribution with shape ¢ = 2 and

rate 5,
h(8) = B?0e P9  forH >0

Given 6, X is uniform over the interval (0, 8) with pdf given by

1

0, Otherwise

f(x]60)n(6) ) 8]

What is the posterior distribution of 6. (Hint: ©(B|x) = = 1 (x|0)n@)as

5.2 Let Xy, ..., X;, be random samples from the binomial distribution:

n
f(x|0) = (x) 0*(1-6)"7* forx=12,..,n
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The prior distribution of 8 is a beta distribution with the parameters a and f3,

I'(a+pB) a1 74 _ ayB-1
l"(a).r‘(ﬁ)g (1-0)F", for0<f<1

h(6) = 0, Otherwise

Show that posterior distribution of 8 given X = x is a beta distribution with parameter x + «

_ .o axta—1 _ p\n+p-1 _ Ix+a)(n—x+p)
andn — x + f. (Hint: f} 0 (L gty = SEE s ) [12]

TOTAL MARKS 100
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