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Question 1 [24 marks]

1. Suppose the random variables X;, X,, .., X; are independently and identically distributed
exponentially with the parameter A = 1, that is

X; >0
elsewhere

fo ={% "

LetY; <Y, <-- <Y be the order statistics for X, X5, ..., X-. Then,

1.1. The pdf of the 7" order statistics. [SI
1.2. The pdf of the minimum order statistics, ¥;. Which density function does the pdf of ¥; belongs
to? [4]
1.3. The pdf of the maximum order statistics [3]
1.4. The pdf of the median [3]
1.5. The joint pdf Y3, Y5, ..., ¥5 [4]
1.6. The joint pdf of the 2" and 7% order statistics (5]
. n! . j-i=1

Hint:  foov, 00 %) = T F OO FOD[F () - FORT FO)[1 -

n-j

F(y)l

16 0) = G P O 1 = B O™ e 3)-

Question 2 [21 marks]

2. Llet X3, Xy, ... X;, be independently and identically distributed with normal distribution having
E(X;) = pand V(X,) = ¢2.

2.1. Show, using the moment generating function, that X = gEnﬁ has a normal distribution with
2 1

mean Ux = p and variance 0% = % {Hint: use My, (1) = e“”i"ztz ). 8l
2.2. Ifis g% assumed to be known, derive the 100(1 — @)% Cl for u using the pivotal quantity
method. [5]

2.3. Ifn=9andc? = 16, then find the value of k such that

2
23.1. P(52 < k) = 0.05. Hint: (n — 1)§;~x2 (n—1) 14
9 (Xi—u\? .

2.3.2. P(ZL-:I (=) < k) =025 [4]

Question 3 [26 marks]

3.1. Consider a random variable X with the probability distribution given in table below with
unknow parameter 8:

% 0 1 2 3
P(x) 20/3 0/3 2(1-8)/3 (1-0)/3
Find the estimator of 8 using the method of moment estimation technique. [5]

Page 10of2



3.2. LetX;, X3, X3, X4 be arandom sample from a distribution with density function

1 _x—4)
forx; >4

—e i
filB)=4p
0, otherwise
where 8 > 0.

3.2.1. Find the maximum likelihood estimator of [6]
3.2.2. |If the data from this random sample are 8.2,9.1, 10.6 and 4.9, respectively, what is the
maximum likelihood estimate of 8? [3]
3.3. Observations Yy, . .., ¥, are assumed to come from a model with E(Y;) = 2 + Ox; where
6 is an unknown parameter and x;, X3, ..., X, are given constants. What is the least square
estimator of the parameter 87? [6]

3.4. Supposethat E(8,) = E(8,) = 6, Var(8;) = o7 and Var(8,) = oZ. Furthermore, consider
that 8; = af; + (1 — a)8,, where a is any constant number. Then,
3.4.1. Show that & is unbiased estimator for @ [2]

3.4.2. Find the efficiency of 8, relative to 5 (4]

Question 4 [9 marks]

4. LetXy, X, ..., X, be an independent Bernoulli random variables with probability of success € and
probability mass function

am - (A -8,  forx;=0,1
Fnile]) = { 0, otherwise

Suppose @ has a beta prior distribution with the parameters @ and 8, with probability density
function

1 1
= a-= —g)f-1 .
h(6) B(a,ﬁ)e (1-6)F1 for0<8<1L;@>0andf >0

If the squared error loss function is used, show that the Bayes’ estimator of & is given by
E?=1 xi+a
a+f+n

Hint: If Y~Beta(a, ), then E(Y) = ﬁ. [9]

Question 5 [20 marks]

5. LetXy,X5,..., X, be arandom sample from the exponential distribution with the parameter &
and the probability density function x; is given by

18y — fe—5%, forx; >0
flalf) = {0, otherwise

5.1. Show that the mean and variance of X; are 1 and=

2 =5 respectively. [6]
. 8
Hint: Mxl.(t) = (E—_t)
5.2. Show that the X is a minimum variance unbiased estimator (MVUE) of %. [10]
5.3. Show that X is also a consistent estimator of % [4]
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