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Question 1 [20 marks]

I. LetY; <Y, <-- <Y be the order statistics of 11 independently and identically distributed
continuous random variables X1, X, ..., X;; with pdf f given by

1
fx(x)= g, for0<x<3
0, otherwise

Then find

1.1. The pdf of the rt" order statistics. Hint: fr.(¥) = ﬁ; [Fx O™ 1 = O™ 7" f ()
131
1.2. The pdf of the minimum order statistics [3]
1.3. The pdf of the maximum order statistics [3]
1.4. The pdf of the median [3]
1.5. The joint pdf of Y3, Ya, ..., ¥i1 [3]
1.6.1f the number of random variables is reduced to 3, thus, X;, X», X3, then find the joint pdf of the
minimum and maximum order statistics. [4]

Hint: £y, v, (% %)) = iommimoss F OOV FO0IF() = Fol ™ F o)L - F o)™

Question 2 [22 marks]

2.1. If the random variables X, . . ., X, are independent and if X; has the y* distribution with k
degrees of freedom (i = 1, ..., m), then show, using the moment generating function, that
the sumY =X; + ... + X,, has the y? distribution with km degrees of freedom. Hint:

k
=(-1.)
use My (t) = (1—2:) . (8l

2.2, [Ifz, .., 2y denote a random sample from a standard normal distribution, find the value of ¢

such that P(¥20, z2 < ¢) = 0.25 [4]

2.3. Consider two independent samples of size n; = 8 and n, = 12 from two normal populations
2

with populations variances 6Z = 3¢#. Then, find the value of b such that P c—}a = b) = 0.95.
Z
[5]
2.4. Letthe randomsample X1, X5, ..., X, ~N(u, 02) where both u and o2 are unknown. Derive the
100(1 — @)% Cl for u using the pivotal quantity method. [5]
Question 3 [25 marks]
3.1. LetX,, X,,..., X, denote a random sample a Rayleigh distribution with parameter 6.
0% ’
Foli10) = {28xle , forx; > Oand 8 >0
0, otherwise
3.1.1. Find the maximum likelihood estimator of 8 [6]
3.1.2. Find the maximum likelihood estimator of g(8) = /6 + 2 [3]
3.1.3. Show that Y7, x? is sufficient for @ [4]
3.2. Letfd > 0andlet Xj, ..., X;; be a random sample of size n from a distribution of pdf
3
flx; 6) =§x2, for0<x<8
Find the estimator of & using the method of moments. (6]
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3.3. letly,Y;, ..., Y, be nindependent random variables such that each Yi~Poisson(fx;), where

is an unknown parameter. If {(y1, x1), (2, X2), ..., (n, %)} i @ dataset where yy, 5, ..., Iy, are
the observed values based on x;, X5, ..., X, then find the least estimator of 3. [6]

Question 4 [12 marks]

4. LletXj,..., X, be Poisson random variables with parameter § with probability mass function

preF
fxIB) = ——— forx=0,12,..
Assume that § has an exponential prior distribution with 8 = 1 and probability density

function

py=fe" £>0

0, elsewhere.
4.1.Show that the posterior distribution of 8 is a (X, x; + 1,n + 1). Hint: If X~I'(, B), then

_-B__ a=1_,—B8x >
fx(x|a,ﬁ)={rca>" € #20mp >0 with E(X) = & [8]

0, elsewhere
4.2.Compute the posterior mean of 8 (4]

QUESTION 5 [21 marks]

5. IfXy,X5,. .., X, be a random sample from the Poisson distribution with the parameter &, then
5.1. Show that the mean and variance of X; are 8. Hint: My, (t) = efle~1) [6]
5.2. Show that X is a minimum variance unbiased estimator (MVUE) of 6. [12]
5.3. Show that X is also a consistent estimator of 6. [3]
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