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Question 1 [15 Marks]

1.1. State at least two techniques of multivariate analysis and describe their objectives [2]
1.2. If a random variable z is defined as a linear combination of y;,y,,..,¥, as
Zi = @Y + G2 Yiz + - -+ay Y. for i = 1, 2,..., n, then show that S7 = a’'Sa,
where a’ = (a; a, -+~ a,) and S is the sample variance covariance. [6]

1.3. Let T2 be the Hotelling’s T? —statistic for x and Ty2 be the Hotelling’s T2 —statistic for y,
where y is a linear combination of x variables given by:
Ypx1 = Cpxpxpxl T dpxl’
where C is non-singular and d € RP. Show that T¢ = T, where

TZ = n(®—po) Sy (X—ny) [7]

Question 2 [13 Marks]

2. Table below contains data on concentrations of heavy metals The researcher collected data on
concentrations of heavy metals [Cu (y;), Ni (y) and Pb(y3)] in river's sediment in Namibia at
three different streams. The first three measurements are presented in table below:

Sample Cu Ni Pd
1 19.8 17.3 33.2
2 17.2 15.5 36.2
3 20.1 19.2 40.9

Assume that y~N;(u, Z) with unknown g and unknown ZX. Then, using the matrices
approach, calculate the maximum likelihood estimate of population:
2.1. mean vector. [2]
2.2. variance-covariance matrix. [6]
2.3. correlation matrix in terms of DSD, by defining your matrix D and interpret your result. [5]

Question 3 [14 Marks]

3. An experiment was conducted to determine whether protein and fiber content for wheat grown
with fertilizer 1 is different from that for wheat grown with fertilizer 2. Wheat was grown in 22
plots. On 11 of these plots, fertilizer A was used; on the other 11 plots, fertilizer B was used. The
protein and fiber content (in percent) of the wheat from each plot was measured. Assume also
that the observations are bivariate and follow multivariate normal distributions for N(u;, %), i=1
and 2. The sample mean vectors and sample covariance matrices from these measurements are:

y, = (12.1 14.3), y, = (10.1 13.3)’

fo=( 22 Ll g (28 -

-1.1 09 -1.0 1.1
3.1. Find the pooled estimate of the covariance matrix for this data. [3]
3.2. Test the null hypothesis that the mean protein and fiber content is the same for both
fertilizers at 5% level of significance. [11]
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Question 4 [27 Marks]

4.

X1
Suppose a vector of random variable x = <x2> is from a multivariate normal population with
X3
-3 1 -2 0
mean vector g =| 1 |and variance covariance matrix Z=(—-2 5 0 |. If we define a new
4 . 0 0 2
random variable y = xlsz, then
4.1. Derive the distribution of y and compute P(y < —2) [8]
4.2. Derive the joint distribution of x; and y. Are they independently distributed? Provide
explanation for your answer. [8]
4.3. Drive the conditional distribution of (x4, x3) given x,. [11]

Question 5 [9 Marks]

5. Let X' =[X, Xy, ..,Xp] have covariance matrix I with eigenvalue-eigenvector pairs
(A1, e1), (A2, €2), ..., (Ap, ep) whered; = A, = -+ 224, 2 0.LetY; = X, Y, = e3X,..., Y, = epX
be the principal components. Then show that
5.1 Var(Yi) = }\i [4]
5.2. Xp, Var(Y;) = A + Ay + -+ + 4, = T, Var(X;) [5]

Question 6 [22 Marks]

6.1. Briefly discuss a two-way MANOVA additive model. Your answer should include (the model,
three assumptions, hypothesis to be tested under two-way MANOVA and two of the most
common test statistics used to test the hypothesis). [9]

6.2. Heavy metals in river sediments are a significant concern due to their toxicological impacts
on aquatic ecosystems and human health. Understanding the distribution and concentration
levels of these metals across different rivers streams is essential for effective environmental
management. Victor et al. (2024) analysed heavy metals concentrations across three
different river streams in Namibia- upper, middle and lower. The heavy metals are nickel (Ni),
zinc (Zn), copper (Cu), manganese (Mn), and lead (Pd). One of the objectives of the study was
to investigate whether there is a mean concentrations difference of heavy metals among the
three streams. The statistical summary of portion of the data, modified for this question, are
presented below. Answer the following questions based on these results. Your answer to
each question below should include the hypothesis to be tested, test statics and p — value
and conclusion.

6.2.1. Draw conclusion of the Box’s M test for equality of covariance matrix using the 5%
significance level. Your answer should include the hypothesis to be tested, test statistics
and p — value and conclusion. [3]

6.2.2. Are there mean concentrations differences of heavy metals among the three streams?
If so, for which heavy metal? Your answer should include the hypothesis to be tested,
test statics and p — value and conclusion. [6]
6.2.3. Briefly discuss the results of pairwise comparison. [4]
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HittHitHHH#HSoftware outputiHiHitHiiis
#Box's M-test for Homogeneity of Covariance Matrices

data: heavym_data
Chi-Sq (approx.) = 74.448, df = 42, p-value = 0.001497
Multivariate linear model

#One-way MANOVA

Df Wilks approx F numDf denDf  Pr(>F)
stream 2 0.28618 3.1874 12 44 0.002417
Residuals 27

#Univaraite ANOVA

Response Fe :

Df SumSq MeanSq Fvalue Pr(>F)
stream 2 12077198 6038599 5.9776 0.007092
Residuals 27 27275442 1010202
Response Mn :

Df SumSq MeanSq Fvalue Pr(>F)
stream 2 30499 15249.7 13.517 8.559e-05
Residuals 27 30461  1128.2
Response Ni :

Df SumSq MeanSq Fvalue Pr(>F)
stream 2 0.098 0.0490 0.02 0.9803
Residuals 27 66.290 2.4552
Response Pb :

Df SumSq MeanSq Fvalue Pr(>F)
stream 2 668.19 334.09 4.3302 0.02338
Residuals 27 2083.16  77.15
Response U :

Df SumSq MeanSq Fvalue Pr(>F)
stream 2 9.6656  4.8328 4.2551 0.02475
Residuals 27 30.6659 1.1358
Response Zn :

Df SumSq MeanSq Fvalue Pr(>F)
stream 2 72.651 36.325 4.1044 0.02777
Residuals 27 238.959 8.850
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### Multiple Comparisons: Bonferroni method

Dependent
Variable
Fe

Ni

Pb

Zn

v

() stream  stream

lower
lower
middle

lower
lower
middle

lower
lower
middle
lower
lower
middle
lower
lower
middle
lower

lower

middle

middle
upper
upper
middle
upper
upper
middle
upper

upper
middle

upper

upper
middle

upper

upper
middle

upper

Mean
Difference

(1)
1063.6

1513.2000°
449.6
38.6000°

78.1000°
39.5000°

0.07
-0.07
-0.14
0.651
10.3210°
9.67
0.923
1.3620°
0.439
2.16
3.8000°

1.64

Std. Error Sig.
449.48894 0.076
449.48894 0.007
449.48894 0.978
15.02129 0.048
15.02129 <0.001
15.02129 0.042
0.70074 1.000
0.70074 1.000
0.70074 1.000
3.92821 1.000
3.92821 0.042
3.92821 0.062
0.47661 0.190
0.47661 0.024
0.47661 1.000
1.33044 0.348
1.33044 0.024
1.33044 0.685
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df2

Table for o=.05

.

Eill : Frosdnde)

laglgn | 1+ [ 2z | s | 4« | s | 6 | 7 | 8 | 9 | 10 | n

|1 | 161.448 | 199500 | 215707 | 224.583 | 230.162 | 233.986 | 236.768 | 238.883 | 240.543 | 241882 | 243.906
| 2 | 18513 19000 1964 | 19247 | 19296 | 19320 | 19353 | 19371 19384 | 19396 | 19.413
| 3 | 10a28] 9552| 9277| 9m7| 9014| 8941| 8887 8845| 8812| 878 | 8745
| 4 | 7709| 6944| 6591| 6388| 625 | 6.163| 60942 6041 5998| 5964 | 5912
| s | ceos| s786| s400| su92| s0s0| 4950 | 4s76| asis| 4772| 4735 | 4678
| 6 | sos7| sa43| a757| as33| 4387| 4284 | 4207 4147 4099 | 4060 | 3.99
| 7 | sso1| am7| 4347 aa20| 3972| 3866 | 3787 3726 3.676| 3637| 3.575
| s | s318| 4459| 4066 3.838| 3688 | 3581 | 3501 | 3438 | 3388 3347 3284
| 9 | su17| 4256 | 3.863| 3633 | 3482| 337 | 3203| 3220| 3a78| 3037 3073
| 10 | 4965 | 4103| 3708| 3478 | 3326| 3217| 3136 | 3.072| 3.020 | 2978 2913
| 11 | as44| 39s2| 3s87| 3358| 3204| 3095| 3012 2948 2896 | 2854 | 2788
| 12 | 4747| 3885| 3490| 3259 | 3.106| 2996 | 2913| 2849 | 2796 | 2753 | 2687
| 13 | 4667| 3806| 3411| 3179| 3025| 2915| 2832| 2767 2714 | 2671| 2604
| 14 | 4600 | 3739 | 3344 3.012| 2958 | 2848 | 2764 | 2699 | 2645 | 2602 2534
| 15 | 4543| 3682| 3287| 3.056| 2901 | 2791| 2707 2641 2587| 2544 | 2475
| 16 | 4a40a| 3634| 3239| 3007| 2852| 2741| 2657| 2501 2537 2494 | 2425
| 17 | a4si| 3s01| 3197| 2965| 2810 2699 | 2614 2548 2494| 2450 | 2381
| 18 | 4414| 3s55| 360 | 2928 2773 | 2661 2577| 2510 2456 | 2412| 2342
| 19 | 4381| 3522| 3.027| 2895 | 2740 | 2628| 2544 2477| 2423 | 2378 | 2308
| 20 | 4351| 3493| 3.098| 2866| 2711| 2599 | 2514| 2441 2393 | 2348 2278




